T 2-rmaaitslds

A. f/eeugaa/o{ s'p/z#/éys

let Hy = (0-haudle) v (1-hanoles) st H, & orecatedd
thes (s called a 220ds 9 éan//eéoal/y
notice that sice an 1% emée/d'zy? of D% 5% s
(5019 15 any ofbe—
and 3 g wey fo “fame “ I-hadle 1o ger- oncated mief
we see Hj ongx o@/en/s ou g

D

exercee: 1) Show an orened 3-mfAt M 5 a Lwn/ééu/y of Jerus 9
&

A g desjotint ewbedled Awfs D, .., D,
st M\ UD,' = 8

2) /7[ L i an orented suﬂéce "/D *2, e ZX[":’] ‘s
P éaaaf/eéoa/y.

Gven a 610560/ oénted Z'ﬂ‘lm/ll?[o/d Mg, i A(('j a hanAle
o/ewm/aoszi‘/oh with oune 0’4445//15 a«a/ 018 3- Lzaqa/é

ca asspme all He |-badles come betore 2-bandles



/et‘ TC/VI 53 DIA/,
note; W) s a lande %/
O*Fjeij 9= H# (- bordles

and Zjeuas 9 st

s

sonilecdy W'z Y-/
tued vaside down s a

ha‘qplé éav(y of feﬂc/j
g'= & 2-handles

stace P =Tz we see 9°9’
and M (5 e vaion of 2 geuss 9 lguolle bookes!

2 called a f/ce?aa/o/ fc//ﬁce 7§/ M aad M\ E
a Heeﬁa/r// j//( 7‘2647

Heméc/o/zn/_; H ""7/‘/l H -—?/Vl for cﬂz‘f of MNE

et 4Kl 177,
‘{’ho’ i a allﬁ?’eo and

@

m

meH Hj/é?” ~¢fj)é)H

50 2y p oé?‘mnép/ by 7/(;1://14 2. Landle éaﬂédj
7‘07217516/

so sl 3-mfAs Apsc bed 6/ AHfeos ot surfaces !




S0 we have. Z notrons of a F/Cffaam( 5///7‘%;/:7 o M’

1) a f/efpaam( g///#ffly of Mis g surface Z €M
such #at- PINL = Z haateloedes V, ad \
Z 3 called tre tecpamed surfece

?) an @bsx‘m ct-) Heepaad 50/1#/.%7 of M & an orimiation
/‘CNAS&V df#zomx/o/tér'n CPJ.’Z'D —9Z'3 of a getrs 9

svttace oad a %%@m//lt«m
F: Hy g e — M
nofe: from eboe 1) 9gures 2)
ard guwen B, F(Y) =T (s« 5//”7477 as in 1)
bt gwen ¢ 2) tee car be dHenar £ 122
50 ) does nof [/lecesg,,w'ﬂ/) Aetie a vatpve
Z as w 1)

anothe, ey o describe 3D hardle oAecompostions |
“Kirby pictuses " AKA. "Meegazref Ufajfaw '
Just as for surteas Boo 3 mian doldy M, M, ore
w{fl‘i’eﬁomo//hcé S //M\I ,//’/?z are /c‘ﬁzfomr/lui
hese /’/4; = /74:——1_33
s con vaderstand o % -mtd M é}/ lnoéa}j ot
/141-’ (O'Aaxzo//f) vk [{-—hand@;) vk CZ-'havto/éf)

Lm”-déj ﬂ%&éﬁ/ fo 9[0 ’haq//g) = 57’
ana( a‘HaJI[u/ /ffl'oﬂj 07[ éa"ldff)’ cad éé C?f,{UW@/



t0 be digjornt Fromt @ pf in 5% e in R =5 -lpf)
M-’ afh‘”‘é‘:}/ /\"fla;' ot lhandle (s 5°7%D%
RE ‘

N
S )
A = [l jor !

a{--[-aclu;z/ 5//:8/6 07[ 2- handle 2; 5/ [w,/ a,-t‘ﬁz(éz? /‘lc/w;f
(/VM7U'€/}/ ﬁ(\?‘l{f/mweﬂl Iv/ ‘l%g; T, (0(')) ‘f"],Ju;f’ ﬂtc(jeu 5,)

Qamg!ez
)

1 eneruss: s

IR F 35‘ SZJenﬁfy

\ auﬁ/'voo{,
\D Hut: See below

le€s vrork Harovgh some é’/rl’ﬂﬂf/ef
. L-
5 % st pofe g - Ah' 5% Q {
NI e
5lx5” - (M:UL,") X[Lt:uh?,—)
200w (b4 ) < (b b)) < (4] 247

( (/]

0 Sx b, s



—
&77’ atthached
likg, 3D 1-heafl,

‘Aﬁﬂz{f L‘l’ X L’Z = D;
|7 D7 gled ol
7 -503 5
o W 3-Yande

L W€/ [‘
/5 | /h/s ‘l//

50 the
héeyaqm( dld'//‘aM L'J

@

hy €U

/e/r
5 Jpeces: L
g[u,- /era/(a /éms res N o
j ( {/Qcé 15 the
é‘/ (/) oa UZ
219 hoo 5 %ﬁz fogttie #eomo/yér}w: of

the r o
(/l/la(a
/7
¢: (s’
KDL>._;
o DB?D?

T
-7”



Fect: W (DAH(TY) = 6L (2:%)

pefe: Th2 R/ ((ayintsiy) & X5 e2)
F AECL(2:Z), thes A(ZH =27
50 A wieces o map o T
si4ce A 1c o prteble tre abeye mao &5 oo, .. Aiffeo

oL/ Guran p,qéz’/*ddﬁv'e[y prwm e
A rs s Qr-ps == aid A:[g ‘7’]55&/312)

pofe. §' D = O-Yvi-6)

F St o seend solid/ fo/'u;/-{'t«e/) 560E we Ore 74/1/1; o to
Mme o torvs we il of - 65 a Z-boadb anl 3~hadd le

3—404/é

-
Iy

7’ i
0-'(/\0’10{& Z"’Ia/u-/{(e
c&#mél/z] !M

A seads fhe alecling sgphere abare 1o a (p,5)-durve

50 He leggaor) digrom <
shift by o

\

P strand e



Tz)‘r‘l /gw// TL=

OO

%o&u%se,r we see

e

the Heepaoerl offa‘fﬂw 3 e « GCY)r T
A

%
S

50 Huikerd |-bondle; are 3D I~baadls

)
)

OAX "ﬂ)r.’{,lﬁe«d Z—b,a/zJ@ /s 3D Z‘Lt.a/talé/

N

2(0 ha«db>

-

F
QL

(N

A

so A @/ an ( /‘ @j
N\



oxonuse: (T elod) = The fo)
see flese L tor) i the abovse dzc\?/mm

orentcse: Show Z;} xL bag pe ﬁ%wﬁ}o /-ke:yaa/v/

of'@mm

T2 T Tsts (Wb ol w0 < (B°0D)

) (D) by F )

{/}wi/ar[y 74;/* L,;J,'

50



Genuse: See ¥’y 8 fotfx S (ptixs'c s’

M pretfure above

vrenuse: Drw a Hegaa/d dedy/qm of Zyxs'

Surtace bundlles ayeq 5°
F M Fbers oren the curcle

a

M

2

51

en T (V" Z aad M\T 5 o Z-bude
over [0, so0

MANZT = TR fo.1f

J

go.]
ord 15 retopen M wej/ue Zrfd © Lr{ef

b\/ a o( c#eowf[/lum
¢ 27
(tCa//ed vhe. W/bcd/n/wy



fhot- ) = [O,(j
s MZ Tk /1) ~ (g2x, )

So Whet 15 c He?aa/o/ 01(57/‘0"4 for M ?

F L= T2 toe we pmeer! as abave for
T  (whih is a T budl witn qf»:m\/?—»)
but™ when we atpch the laet 2-tiaalls

u ﬂf/}/ P o the Wchdy QU e
on Tz"i’j

recall TL [,




%‘-j (5 the T*-bosd/e litth wmoWy
47: ’Z‘ch:’?’é

wher
(&%

and ”C} s a Dehq twist- abod ¥

oM 0 wéM o’F Y
(o) — > (e-24t t)

andl 7} 15 the l%&aﬁ'fy cutsife e ne?héa/lwoc[

@(&)cqge‘) CDW';OMZZ *he Llom.oayy andd xA 07[' e
wionifeld above

z)(;/@mfr'#/ e Wm("é:/ﬁg otare
1 a diftecat Ly
Huit: maybe wat £/ leten
o we. have otte, Wty §
10 destribe 3-mids

oxeicse . dye Some. nm%m[//é/ 5(//7%(,6 60/10/[6,5
and c%om; their q&é’é/azci ﬁa,oaéa;;'/




(for a surfue Ovcyem/;j what1s the
/‘776‘59 and cmolloct b you Cov vealze ?)

I

6‘/60/15/(&5 oren a 50#&5@.

ju;(M a 5{'90,4%(& aen o 5ur'l£tz66 o'f'JWj‘
5oy

L
s

Weu lett DT be a oisk
o/eorL/ YIO" s an § “bundle cyen D*
50 Y/DL 3 sz‘g(

trevse: 1t Vs onemtable then Y}Z'\DZ’E A WEE

S0 YEDs") v (BD*)xS)  wit

Dt xS dentibed £ AT O)x S
Ly a ofH-eome phigm tahizg S Dhess
to '~ Fbes

diffeoc of S are &oﬁfuc'/ o O2)

So we weed a, elomendt of T (0)EZ %
3/¢6 the préces abope fo geft r

. - @ (eldy) H(eld)fn-g}



s0 U s M&M/hé&/éy ﬂte_/ae/rus 9 o T oad
o M‘kfe/, ner

5524/!9{{/ Y é‘{ “/9,;4

exrens e 6/1'00\/ ‘é'n has a /'(e?m/b, OIIQy/ﬁM

G
)

wraps N hmes

exenise: Show T, 15 a leas s120€.

la/&wﬁﬁc/ e leas space.

twisted buadles:

17L/1//_5 & nol oryented svrtace e
VxL  and WMx &'

are noA-orented Z’Ma/lr'ncloé

but ve car tfake twsted T add §'- bunckos 1o get
orenicd Z-manifoldls



Erencese, - ) 5 bot twisted T-butdes bhace aﬁa‘jm/zg

2) draw ,oz'ofwes ‘l@n wisted § ’-féc/'f”/@j

%) Sho) one of fhe twisied $-bunddls oren RP°
(5 a woanected sum

B Moyes é@ﬁ/eem ﬁleeqaara( A 0.9/ s

as dscussed 15 Sectron T we have Caacel/‘jf /,Z-,pac/;

— &= g

y <— (!
call ta;s

@ Lot 07C
@ Lp> Vepie D
7 — >
—

oleath o]L a
‘/L ,04!2'

we 0(50 Am/e handle 5//(7’6; for /’Laﬂ/{&(




iy £

11 e Kc/loy d{l‘cy/‘am we see

YRR 7 RRFS

Can sofy? back 6

P AT

,}4/. 2- Llaoyd/c:'j:

1‘0/0.54 klm/(b




take an acc U
fo /u54 k, a/on/ } ( — (
/ 4§

t”/iram

His v L2z RP

%mccsé: aboye JUN wne a;éeo' fo sé,ou a dosted § ’fémo/@_
overn RP' was a topqedt sy,
draw a #G?ﬁwfv/ 7{'-\0}&/&«” 74')/~ ﬂh} bundle, and
Use the aboye Manipy lafios +o Show 1+
15 @ tommected com

m@/?m 1:

ﬂ/IY o Hefjaam/ﬂ/zcﬁ/‘dmg mL {71)(60( 3- fhaﬂ/'lg[/

ore related by a sepoace of bith/Meatts of 112 pais
ond ha/lo‘ le 5/:5/3 S

we olo not proye th e now, pat will see t follows From
yevua/\a/ 7%67? 6266&/?" hfr/za//eéoa/(éf



we want to conscler gqaothe, v@,;cén o o5 theorem
qiven a Hce/aaa// st free Z M
let « be an arc epmbedded v L
Jet p be the csolt of Esofo//'y viterior of o ol Z
s0 «wf =" sf. D NZ=«
note f ¢ one componct, Say \4, of MAT= Vel
let W= nbbd b V] = D¢ lect]
Jet V= V-W, V= Yo/
&/aw}: Z’: 9\(,' o néew Hé’?‘aa//sﬂ/zf'ﬁéy o‘/ M

© ) &

% port oAD"

SO we aoya_ (»har)o//e fo Vo
so V' shill haudlz Wy

then attach aHJ% Pz{v %l
(2 2- hawd[e) and now
adel e othes 2 ~handlp s ke slhandle
s 5 T 7% V,’= 3-haudlp 0 2-hanlles
gowy ot £t & 50 Luaarolle bodle
(5 ca//ec/ a ,51%41//24‘&0;4 /
note on /'wmol(e dewm Of/ﬁ::w /C’U'é’/ weé JLZS-F a&Ue/
Aa Caan//w'y pau'f Y b}am//gf

&

Theorem 2 (Reidemeister -Siiges )

ony 2 Heefaa/v/ surtrces for M are Sotgoce ofter
possl'b{y /faé'l'/l-tfnj eaclh surfzce

e prve 792 ) and Z late, (need CernL%vcor‘/)



We now revisrt H‘f.éqaara( V{edq/‘am;
v [

abovse, c Heyaaq/ o(\{‘y/‘cm/t Lot M éy Macéuy
[bordios o B2 and #en Z-bondlls

7 —

AN

bwt' wé- Can éw‘[o{ M Frowm Fhe “mddle out 4
One_ /Zcﬁ/yz

Indley 2~ M
it ot F
L /_\)
Meorse. ¢
I 4 Fuaction
CrE ﬂl‘.? (
one. index' @

let L = /eue[ §61'53C7C éefWCem cdey | and 2-
Criticod oty = £'¢e)
we cun start with Zxloa] (a nelc%[zéo/&ooo/% Z)

nofe Vy = £7(Leie) s built by attechiiy



2 -halbs to m&/:rj curvls
CM(/I then, a Z"hfmaﬂé

e\, =
Y ﬁ'@/}z

nofe.: fo athecl) a4 32 bande read
b W&&fy cynes

Gronuse: show K 2\ Uy s
comected the, caqa
attach B-baqdb

pew thiik of | upside Aown  so fte I bonsla-
become 2-lhandles WC&eJ alo;\qj fe
belt 5/1-@165 of |- bachls

(D7
!

5o juﬂm ° jevrds 3 5uf14<£e 2_
* g disjoint duryes & ... vy o4 T
~J
st 2N UO/,,' tf co.«meo{cd
* g Aol canes fr-—~fs ™ z
51 Z\ U/51 I;! 4,9,,/)@6‘4420(



we Can canstrict a cloed MW/I/AZd

anol aay/ closed 3-manifold can be
éuill” 1hs W&/ !

ve Ccall [Zj)fn(, --,0593/ f(f,-pﬁ) o H»Zg?cza/p/

Oflclcq/'am
4

WVM?O(gj' g,
) Lens space e@

et o o is a (r.8) Cave o T
B 5 a (nm) “ '

Han (T0x, 4) s a leas Spacé
whily UN-/Z

2) 5% 5”
@ ~(1

%’ma{er draw sucl #Sﬁma/o/ dz(?y/‘amj ,Q,\
all the ma/)/'n[;/&/\{ we A scussed above




