
# 3-manifolds

A.feegaard splittings

let H = (0-handle) ug(l-handles) St. Hg is oriented&

this is calledaGenusg handlebody
notice that since any embedding of 54 shis*attachin

isotopic to any other of I-hadphere
andJ unique way to "frame" I-handle to get orientedmid

we see Hy only depends on g

D

ercse: 1) Show an oriented 3-md M is a handlebody ofgenus
El

= disjoint embedded disks D, . . . ., Dn

S .

t
.
MIUD; = B

2) IfI is an oriented surface2 **
,
then [x10 , 17 is

a handlebody.

Given a closed oriented 3-manifold M2
,
it has a handle

decomposition with one O-handle and one 3-handle

can assume all thel-handles come before 2-handles



let
IMb

2.
4 note: W

,
is a handle body8- of genus g : #1-handles

Al
1- 4 and I genusg ste

-

n similarly W' = FW,
turned upside down is a

handle body of genus
g = #2- handles

since2W = Z = 2 W' we see g=g
/

and M is the union of I genus & handle bodies !

I called aleegaard surface for M and M1Z

aHeegaard splitting

J embeddings HgM , Hg*M for epts of MIZ

let : Rigo4."I; Ig
+

E

,
This is a differ. and

&

⑮T
MEHgUHgY

peGHgwp(g) =G Hg
2

so any
3-med obtained by gluing I handlebodies
together ! really simple

manifolds !
so all 3-mfds described by differs of surfaces !



So we have 2notions of a Heegaard splitting of M

Heegaardsplitting ofM is a surface [CM

such that M1Z = 2 handlebodies Vo and V
,

I is called the Heeguard surface
2) anabstract) Heegaard splitting of M is an orientation

revessing diffeomorphism & : [g-Ig of a genus

surface and a diffeomorphism

f : HgUpHg -> M

note: from about 1) gives 27

and given 2), f(WHg) = [ is a splitting as in 1

E

but giveno in 2) There can be different f in 2)

so 2) doesnotnecessarily) define a unique

[ as in 1)

another way to describe 3D handle decompositions
"Kirby pictures" A .

K
.
A .

"

Heegaard Diagrams"
just as for surfaces two 3-manifolds M, My are

diffeomorphic #) M..
Me are diffeomorphic

- this is not true
-where M

,
= M - B in all dimension

but is true here
(non-trivial fact

so can understand a 3-md M by looking at due to Smale)

M2 = (0-handle) vk(l-handles) uk (2-handles

handles attached to 710-handle) = 32

and attaching regions of handles can be assumed



to be disjoint from a pt in S2
,

12 in IR = S"-Spt)

-example: attaching region ofhandle is 30 xD

R2

⑪
In
?t⑮T

133

attaching sphere of I-handle is sland attaching region
uniquely determined by this,

1011) = 303
, just Michen 5)

ample:

cise: This is

2 IRp"= >identify

⑬ #it : See below
antipode

let's work through some examples
14 1sxs2:

Note : S = & s=
h

04; Fuz

S'x = Chichi) x/4904 ? )
= (4 : x42) x (h ! x4; )x(h ; x42) + (4 ! x42)

↓ ↓ ↓ ↓
we will see 3Do-handle 3D1-handle 3D zandle 3D3-handle

so S'x he is



hix he

hixh "-st
--S

attackedin
eset

i t
attached

like 3D Ihandle

finally hixh ? = D3 gloed along GD so 3D 3- handle

if we ignor 3-handle then O-handle is as follows with

attaching spheres of t and 2-handle indicated

:
so the Heeguard diagram is

⑭ ⑭

lens spaces : recoll a lens space is the result of

gloing two S'x2 together by a diffeomorphison of

their boundary
9 : G (s'xD2)-> 2(S'x DY
z +



Fact : To (Diff (T4) = GL(2 :2)

note : T= RYE (my' if * E)
if AGGLIZiz)

,
then AlE4 :2

So A induces a map on
Th

since A is inventable the abovemap is too, differ

now given p.gtE relatively prime

=)
, s St. gr-ps = -1 and A =[ & ] +S( :z)

note : S'x D2 = (0-1) rD-4)

If S'XD2 is second solid forus
,
then since we are gluing it to

the above tors we think of it as a 2-handle and 3-handle

↓
h-handle

3-handle

⑧
↑

orhandle -2-handle
attaching sphere

A sends the attaching sphere above to a 10,97cove

so the Heegaard diagram is

shiftI-min
pstrands



TxF : recallT
thicken this byI we see

*
the Heegaard Diagram is this is (0(-4))xI

-handle
so thickend I-handles are 3Dl-handles

⑮
Wi

and thickend I-handle is 3D2-handle

⑭
so diagram is ,0
①
↳



exercise : 2 (T2x [0, 13) = T2 + 30. 13

see these I tori in the above diagram
exercise : Show Igx I has the following Heegaard

diagram
S L
22

↳
ii
i

Is

L

Th : T = +x s = Chornichechx(nori)

- (5)

~which- ~ Enexample 2-4

above

1-4
! ↳
⑭ ⑳
similarly for hish

So



f

E2 I

exercise : See Sys'xepth
, S'xSptixS,

spthxSx S

in picture above

exercise : Draw a Heegaard diagram of[gxs

Surface bundles oren s

If M fibers over the circleI
s

then"lot :E and M1I is a I-bundle

over 10 ,
17 so

M(z = [x[0. 1]

↓
[0 , 1]

and to recover M wegive EX11 to [ + 303

by a diffeomorphism

:-
called the monodromy



that is M = [ x (0 , 13 /(x
,
1) (Q(X), 0)

so what is a Heegaard diagram for M ?
if I= T2

,
the we proceed as above for
T (which is a Th - bundle with4 = id 2)
but when we attach the last I-handles

we apply o to the attacking orwe
on T2x41] ↑ x31]

-&
So

F-



this is the Th-bundle with monodromy

! = Tg0T

war
Cr

and ty is a Dehn twist about

on abld of 2

-
(f,t)+ (0 - 2πt

,
t)

andTo is the identity outside the neighborhood

exercise : 1) compute the homology and it of the
manifold above

2 identify the monifold above
in a different way

Hit : maybe wait till late
when we have other ways
to describe 3-mfds

exercise : draw some montrivial surface bundles

and compute their algebraic topology



( for a surface of genus g what
is the

largest and smallest b, you can
realize ?)

S'-bundles over a surface :

given an S"bundle over a surface ofgenus

s
-Y
I

then let D2cI be a disk

clearly Ylp is an Sibundle over D2 bundles over

<
/ contractible

so Ylpn = Dxs'
are trivial

spaces

exercise : if i is orientable then Plzip= (D4)xs

so Y = (D2xs') v (([D2)xS') with

GD xS' identified to GCIDYXS'

by a diffeomorphism taking S'-tibers
to 3-fibers

differs of S are isotopic to 0(2)

So we need an element of T,
(014)EE to

gloe the pieces above toget Y

⑱ Go
,
Pt(8 , 4 +n)



soY is determined by thegenus g of [ and
an intege nez

denote Y by Yg
,
n

exercise : Show Ygin has a Heegaard diagram

↳
wrapsn times

exercise : Show Ion is a lens space.

Identify the lens space.

twisted bundles-

if N is a non oriented surface then

NXI and NX S

are non-oriented 3-manifolds

but we can take twisted I and S'-bundles toget
oriented 3-manifolds



exercise : 1) show twisted I-bundles have diagrams

⑳o
No
Loo

2) draw pictures for twisted s'-bundles

3) show one of the twisted S'-bundles over RRP2

is a connected sum

B. Moves between Heegaard diagrams

as discussed in Section I we have-Lancelling1
, 2-pairs

0-07 O

Il

Cllthis
1

a birth of

D 1/2 pair DE
->

call this a

death of a

pain

we also havehandleslides forhandles



&A
B o

-

- =·=
L

in the Kirby diagram we see

00 +00 => 000 0-

1)/= /B/B IA /B /B A

& can isotop back to

I00 0 0

(A A/1B/B

forhandles :

to push K, ore kn
Ke

3 ⑰t
K, #

take a "push off "of K

↑

& Egg ·
K,

choose are 1 , to pushoff



takeons() = (,)
-example:

⑭ ⑰
⑬

Tuto①

e ⑫ this is <12,
1)ERP3

exercise : above you were asked to show a twisted S-bundle
over Rp2 was a connect sum.

draw a Heegaard diagram for this bundle and
use the above manipulations to show it
is a connected sum

Theorem 1 :

any two Heegaard diagrams of a fixed 3-manifold

are related by a sequence of birth/deaths of 112 pairs

and handle slides

we do notprove this now,
but will see it follows from

general facts about handlebodies



we want to consider another version of this theorem

given a Heegaard surface [cM3
let a be an arc embedded in [

letB be the result of isotoping interior ofa off I

so duB = GD st
.

D21 [ = <

note B2 one component, say V,, of MiE
= VorV,

let N= nbhdB in Y = D2x (0, 1]

let Y = TTN , Yo = VON
D

Laim:
'

= &Y'a new Heegaard splitting of M

bed↑part of D?
so we add a l-handle to Vo

so Vo' still handle body
then attach ubldof D2 to Yo'

he. 2-handle) and now

add the other 2-handles &3handle

22. V, = 3-handle uz-handles

going from I to I'
so handlebody

is called a subilization

notean handle decomposition level we just added

a cancelling pair of handles

Theorem2 (Reidemeister-Singer) :

Heegaardsurfaces for M are isotopic after

possibly stabilizing each surface

we prove The 1 and I later (need Cert theory



We now revisit Heegaard diagrams
above a Heegaard digram built M by attaching

I-hordles to B3 and then 2-handles

eg

S
but we can build M from the "middle out "

one indu3

M

f· ⑳ v regular value: Morse
-

C

between index
function critical values and

index 2

one indexo

let [ : level set of f between index 1 and 2

critical points = f"(C

we can start with [x[0 . 1] (a neighborhood of 2)
note V = f" (( , 0)) is built by attaching



2-handles to atteching curves
and then a 3-handle

28
. Vz =

⑳
Note : to attach a 3-handle need

g . attaching curves
exercise : show if In UBi is

connected then can

attach 3-handle

now think of V
, upside down so the -handles

become 2handles attached along the
belt spheres of I-handles

-
So given
·

genus & surface [

· g disjoint curves &, ... ag on I

st[1 Udi is connected

·

a disjoint curves B. --Bg on [

St
.
[1 UBi is connected



we can construct a closed manifold

and any closed 3-manifold can be

built this way !

we call (Ig .

39
. .... xg), /B. -- . Pg3) a Heegaard

diagram

examples :

1) Lens·
excuse :
If ↓ is a (r ,

s) curve on
t

B is a Inm) . "

then (TYX , 9) is a lens space
which one?

i
exercise : draw such Heegaard diagrams for

all the manifolds we discussed above


